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1 Theoretical Results
We will start by introducing the notation and definitions used throughout the paper. In particular, we use capital letters
for random variables (Z), and small letters for their values (z). Bolded letters represent sets of random variables
and their samples (Z = {Z1, ..., Zn}, z = {z1 ∼ Z1, ..., zn ∼ Zn}). For simplicity, we use the shorthand P (zi) to
represent probabilities P (Zi = zi).

The basic semantic framework of our analysis rests on structural causal models (SCMs) [4, Ch. 7]. An SCM M is
a tuple ⟨V,U, F, P (u)⟩ where V is a set of endogenous variables and U is a set of exogenous variables. F is a set of
structural functions where fV ∈ F decides values of an endogenous variable V ∈ V taking as argument a combination
of other variables. That is, V ← fV (V , UV ),V ⊆ V,UV ⊆ U . Values of U are drawn from an exogenous distribution
P (u). Naturally, SCM M induces a distribution P (v) over endogenous variables V .

An intervention on a subset X ⊆ V , denoted by (x), is an operation where values of X are set to constants x,
replacing the functions {fX : ∀X ∈ X} that would normally determine their values. For a detailed survey on SCMs,
we refer readers to [Ch. 7]pearl:2k. Each SCM M is associated with a causal diagram G, which is a directed acyclic
graph (DAG) where (e.g., see Fig 2) solid nodes represent observed variables O, dashed nodes represent latent variables
L, and arrows represent the arguments V of each functional relationship fV . Exogenous variables U are not explicitly
shown; a bi-directed arrow between nodes Vi and Vj indicates the presence of an unobserved confounder (UC) affecting
both Vi and Vj , i.e., UVi ∩ UVj ̸= ∅. We will use standard family conventions to represent graphical relationships such
as parents, children, descendants, and ancestors.

2 The Vision Generalization Problem through Causal Lens
We are interested in learning image recognition models where the input image is denoted as X = x and the outcome
category as Y = y. In particular, we will analyze the classification task through the causal lens on two different types
of generalization tasks—in-distribution generalization and out-of-distribution generalization.

2.1 In-distribution Generalization
To set the stage for our approach, we first consider the standard discriminative classification task. We are given data
samples D(X,Y ) = {(Xi, Yi)}ni=1 from the probability distribution P (X,Y ) from a domain π. We use D(X,Y ) to
train a classifier that can be written as P (Y = y|X = x). For evaluation, we obtain new samples D′(X,Y ) from the
same distribution P (X,Y ), such that we see xi and predict the value of the true label yi through arg max

y′
P (Y =

y′|X = xi), as shown in Fig. 1.
Any observational probability distribution comes from an underlying collection of causal processes, which describes

the laws of nature and are often unknown. Causal inference formally models this process as a structured causal
model (SCM). We write the SCM as M = {V,U, F, P (U)} where V = {X,Y } are endogenous variables (observed),
U = {Ux, Uy, Uxy} are exogenous variables (unobserved), F are the functional dependencies between the variables,
and P (U) is the unknown probability distribution of the exogenous variables. The SCM M induces the probability
distribution P (X,Y ) described above.

In our setting, the exogenous set U represents all sources of variations that are not captured in both the image and
the label Y . In particular, Uxy represents the universe of features and objects in the world, and P (Uxy) represents its
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Figure 1: Unobserved data generating process and sampling/training process. The grey box indicates Y is unknown at
inference time.

unknown probability distribution. We will call Uxy the concept vector (CV) since it abstracts away all concepts that are
out there in the external world affecting the model.

The causal mechanism of the images X is fx ∈ F such that an image x is a specific realization of the CV Uxy.
Furthermore, the label y is also a realization of the CV but in a lower-dimensional space describing the label associated
with the image. The instantiation uxy of the CV can encode, for example, the concepts of “yellow” and ”fish”, and
through the process fx, the pixels corresponding to the yellow fish are imprinted in the image x. We note that if fx
selects the color “yellow” and the animal “fish” more likely together, there would be a strong association between these
two concepts.

We also model how the labels are formed. Y takes as argument the image x and uxy , and assigns a categorical label
to the image, such as “yellow fish.” The unobserved variables Ux and Uy are other sources of independent variations
that affect the image and the label. The world repeats the full generative process multiple times, producing a dataset
D(X,Y ).

The problem of understanding how well one can generalize from specific samples D(X,Y ) to a general classifier
P (Y |X) while minimizing some measure of error has been well studied in machine learning [8]. As long as the number
of samples within D(X,Y ) is large enough, the empirical P (Y |X) gets closer to the hypothetical truth.

2.2 Out-of-distribution Generalization
Building off this framework, we are able to analyze the setting where testing images are generated in an out-of-
distribution domain π∗, with its own corresponding SCM M∗. In particular, domains π and π∗ have different processes
by which objects and concepts are selected from the CV (i.e., the mechanism f∗

x is different than fx).
We make a few assumptions about what is shared between the domains. Firstly, we assume that the labeling

is consistent across the two domains and concepts do not change names, which structurally implies that fy = f∗
y .

Secondly, we assume the features of objects are consistent across domains, which we write as P (Uxy) = P ∗(Uxy).
In realistic out-of-domain generalizations, we do not know the specific form of the structural functions (fx, f∗

x ,
fy) as well as the exogenous distribution P (Uxy). We leverage a graphical representation to represent the structural
invariances across domains, shown in Fig. 2 (right). To model both domains in a single SCM, Bareinboim et al.
introduce a switch node in the representation, which models the differences between the feature selection functions fx
and f∗

x . This switch node is commonly called an S-node. 1

If data were available from the target domain π∗, we could have performed a similar process as the one described
above and learned a classifier P ∗(Y |X). Unfortunately, all that we observe is data from M , i.e. D(X,Y ), and we
can only train P (Y |X). An illustration of this setting is shown in Fig. 2 (left). One possible route one could take in
this setting is to try to use the classifier trained in the original domain π, which is P (Y |X), as it is the same as the
hypothetical one P ∗(Y |X) trained with the dataset from the target domain π∗. The next result shows that this may be
not a good idea.

1This S node has been introduced in the context of causal generalizability since at least [1].
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Figure 2: Causal diagram for feature selection.

Proposition 1. Let M be the SCM relative to domain� that underlines the classi�erP(Y j X ). If we consider
another domain� � with SCMM � and such thatM; M � are compatible with the assumptions encoded in Fig. 2(b),
thenP � (Y jX ) 6= P(Y jX ). In words, if the selection functions of the domains�; � � are different (f x 6= f �

x ), and
everything else remains invariant, then the corresponding correlation-based prediction models are not transportable
across settings.

Proof. We prove that they are not equal via a counter-example. Assume the �rst SCMM hasX = Uxy _ S and
S = 0 . The second SCMM � has the switch variableS = 1 . The remaining features need to be shared, so let
P ( j ) (Uxy = 1) = 1 =2 andY = Uxy _ X . On the training distributionP(Y = 1 jX = 0) = 0 , but on the testing
distributionP � (Y = 1 jX = 0) = 1 .

In words, this result states that it is impossible to ascertain any performance guarantee about the performance of the
classi�er P(Y j X ) when evaluated in the domain� � . Further assumptions aboutM � are needed, such as over the
distributions of the exogenous variables or the causal mechanisms.2

Against this background, we note something very simple yet powerful. The probability distributionP(Y j X ) can
be seen as describing howY changes in response to variations inX . In fact, given that the assignment mechanism ofX
in the domain� is possibly completely different than the one in� � , nothing can be said about these variations. Still,
these variations are realized through two very different mechanisms. First,X variations may affectY through the direct
link X ! Y , which is known as the causal effect ofX on Y , P(Y j do(X = x1)) � P(Y j do(X = x0)) . Second,X
may bring about changes inY through the path going through the unobserved confoundersUxy (i.e.,X  Uxy ! Y ).
These variations are sometimes called spurious effects [9, 5]3. More speci�cally, we note that conditioning onX opens
the backdoor paths betweenS andY in a d-separation sense [4, Ch. 1]. So the sources of spurious variations are not
invariant across domains. The next result shows causal effects are invariant across domains.

Proposition 2. LetM be the SCM relative to domain� that underlines the classi�erP(Y j X ). If we consider another
domain� � with SCMM � and such thatM; M � are compatible with the assumptions encoded in Fig. 2(b), then

P � (Y j do(X )) = P(Y j do(X )) (1)

In words, if everything in the domains�; � � are invariant, but for the selection functions (i.e.,f x 6= f �
x ), then the causal

effect ofX onY is transportable across settings.

Proof. By the def. of S-node,P � (Y jX ) can be written asP(Y jX; S = 1) []. If we consider the combined causal
graphs, it's the case that(X ?? Y) in GX , which implies the result.

In words, the causal effects fromX to Y are invariant across domains. Intuitively, given that we are talking about
the interventional world, where the arrows towardsX can be thought as removed, the effect of the selection mechanism
is severed as well in both domains. This seems promising since data is available only in domain� , and we are able
to connect parts ofY 's variations in� � (l.h.s. in Eq. 1) with the counterpart variations in� (r.h.s.). We then need to
computeP(Y jdo(X )) but only observational data is available in� , P(X; Y ).

Proposition 3. Let M be the SCM relative to domain� and described through causal diagramG in Fig. 2(b) (without
the S-node). The interventional distributionP(Y jdo(X )) is not identi�able from the diagramG and the observational
distributionP(X; Y ).

2We take a non-parametric approach in the sense of [4], making no assumptions about the SCM's form.
3They are written in counterfactual notation asP (Y j X = x1 ) � P (YX = x 1 jX = x0 ), where the latter term reads as the value ofY hadX

beenx1 when in factX = x0 .
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Proof. We prove via a counter-example. Assume the �rst SCMM hasX = Uxy , Y = ( X � Uxy ) ^ Uy . The
second SCMM � hasX = Uxy , Y = Uy . For both SCMs,P(Ui = 1) = 1 =2 and i = f x; y; xy g. While the
observation distribution match for the two SCMs, for the �rst SCM,P(Y = 1 jdo(X = 1)) = 3 =4, for the second SCM,
P � (Y = 1 jdo(X = 1)) = 1 =2.

Summary. Proposition 1 shows that no guarantees can be provided when training a classi�er in the domain� and
using it in another domain� � . After noting the spurious and causal variations encoded in the classi�er, Proposition
2 shows that the causal part of the model is invariant, it is the spurious correlation part that is different across the
domains. Despite the causal variations being invariant across� and� � , Proposition 3 demonstrates that these effects
cannot be separated using only the observational data available in� . We discuss in the next section possible methods to
circumvent such negative results and the impossibility of generalizing across settings.

Proposition 4. If the trained proxy variableZ encodes all the variations ofX necessary to predictY (i.e.,Y ?? X jUxy ; Z )
andP(z; x) > 0, then the effect ofX onY in the proxy model and the original model are the same (i.e.,P(Y jdo(X )) =
P0(Y jdo(X )) ).

Proof. By conditioning on the confounding factor, on the original modelG, we have:

P(Y jdo(X = x)) =
X

Uxy

P(Y jX = x; Uxy )P(Uxy )

GivenY ?? X jUxy ; Z , we haveP(Y jZ = z; Uxy ) = P(Y jZ = z; Uxy ; X = x).
On the proxy model, we have:

P0(Y jdo(X = x)) =
X

z

P(Z = zjX = x)
X

Uxy

P(Y jZ = z; Uxy )P(Uxy )

=
X

z

P(Z = zjX = x)
X

Uxy

P(Y jZ = z; Uxy ; X = x)P(Uxy )

=
X

z

X

Uxy

P(Y; Z = zjUxy ; X = x)P(Uxy )

=
X

Uxy

P(Y jX = x; Uxy )P(Uxy )

Thus they are equal.

Proposition 5. If the trained proxy variableZ encodes all the variations ofX necessary to predictY (i.e.,Y ?? X jUxy ; Z )
andP(z; x) > 0, then the effect ofX onY in the proxy model can be identi�ed from observational data [5].

Proof. P(Y jdo(X = x)) =
P

z P(zjx)
P

u xy
P(yjz; uxy )P(uxy ). To remove theUxy , we use two properties that we

have when constructing the front-door causal graph.
X

u xy

P(yjz; uxy )P(uxy ) =
X

x

X

u xy

P(yjz; uxy )P(uxy jx)P(x)

SinceY ?? X jZ; Uxy , we knowP(yjz; uxy ) = P(yjz; uxy ; x); sinceU ?? Z jX , we haveP(uxy jx; z).

X

u xy

P(yjz; uxy )P(uxy ) =
X

x

X

u xy

P(yjz; uxy ; x)P(uxy jx; z)P(x) =
X

x

P(yjx; z)P(x)

Thus we have

P(Y jdo(X = x)) =
X

z

P(zjx)
X

x 0

P(Y jx0; z)P(x0) (2)
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Figure 3: Causal diagram under imperfect front-door variable.

Proposition 6. In Figure 3, We assumeX can be separated into two sub-variables,X 1 and X 2. If the trained
proxy variableZ encodes all the variations ofX 1 necessary to predictY (i.e.,Y ?? X 1jUxy ; Z ), P(z; x1) > 0, and
Y 6?? X 2jUxy ; Z ), then our front-door criteria can estimate the causal effectP(Y jdo(X 1)) .

Proof. P(Y jdo(X 1 = x)) =
P

z P(zjx)
P

u xy
P(yjz; uxy )P(uxy ). To remove theUxy , we use two properties that

we have when constructing the front-door causal graph.
X

u xy

P(yjz; uxy )P(uxy ) =
X

x

X

u xy

P(yjz; uxy )P(uxy jx)P(x)

SinceY ?? X 1jZ; Uxy , we haveY ?? X jZ; Uxy , thus we knowP(yjz; uxy ) = P(yjz; uxy ; x); sinceU ?? Z jX 1, we
haveU ?? Z jX , thus we knowP(uxy jx; z).

X

u xy

P(yjz; uxy )P(uxy ) =
X

x

X

u xy

P(yjz; uxy ; x)P(uxy jx; z)P(x) =
X

x

P(yjx; z)P(x)

Thus we have

P(Y jdo(X 1 = x)) =
X

z

P(zjx)
X

x 0

P(Y jx0; z)P(x0) (3)

Thus we prove that our approach can estimate the causal effect ofP(Y jdo(X 1 = x)) .

3 Implementation Details

We provide the details for our models and training algorithm. We also include our code in the supplementary.

3.1 Colored MNIST

The Colored MNIST is created by adding a background color to the original MNIST dataset [3]. We show example in
Figure 4.

The input dimension is32� 32. For VAE, we use 2-layer MLP as the encoder and 2-layer MLP as the decoder. The
latent dimension is 2048, and the dimension forZ layer is 32. The classi�cation modelP(Y jX 0; Z ) is another 2-layer
MLP, which takes in 80 dimension vector, which contains 32 elements from the VAE, and 48 elements from subsampled
input X 0 with stride 8. The MLP classi�er's latent dimension is 256, and output is 10 dimensions, corresponding to 10
categories in MNIST. We stop the gradient back-propagation from the classi�er to VAE.

We train the model with Adam [2] with learning rate3e � 4. We �rst pretrain the VAE model for 3 epoch, and then
jointly train VAE and the classi�er for another 10 epoch. We provide the code to reproduce the result in supplementary.
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Figure 4: Illustration of color MNIST dataset. For each digit category, we generate two different background colors.
The feature background color is spuriously correlated to the category, where the confounder is us, the dataset creator.
But the observed data is only color digits and corresponding targets.

Layer kernel size stride channel in channel out

Conv1 2 4 3 32
Conv2 1 2 3 64
Conv3 1 2 3 128

Table 1: Architecture for convolution branch.

3.2 WaterBird Dataset

The waterbird dataset [6] contains birds in two categories, waterbird and landbird. They are placed on one of the
water backgrounds and land backgrounds. The training environment often selects waterbird with water background,
and landbird with land background. The average test follows the same distribution as the training set. The worst test
environment uses an opposite feature selection function, where the feature of the waterbird is selected with a land
background, and the feature of the landbird is selected with a water background.

We use the latent representation from a pretrained ResNet50 to get the mediating variableZ . Our front-door classi�er
P(Y jX 0; Z ) uses a 3-layer convolution network to process the inputX 0, and then concatenates with the feature withZ .
We then use 2-layer fully-connected network to produce a class prediction. The convolutional architecture is shown in
Table 1. We use average pooling on top of CNN. We use 1024 for the hidden layer in the 2-layer FC network, and the
output dimension is 2. We use a dropout rate of 0.5 to sample from the backbone networkZ . We �x the convolution
layers during training.

We train the model for 20 epochs. We use Adam optimizer with a learning rate5e � 5. We train both the ResNet
backboneP(Z jX ) and our front-door classi�erP(Y jX 0; Z ) during our training.

3.3 Experiment on Domain Generalization

We experiment with domain generalization with PACS and VLCS datasets. PACS contains 7 categories from Art
painting, Cartoon, Photo, and Sketch domains, and VLCS contains 5 categories from CALTECH, LABELME, PASCAL,
and SUN dataset domains. We train on three domains without accessing the domain index, and validate on the fourth
domain. We use the Resnet-18 model as our backbone, we use dropout with rate of 0.5 to sample from the penultimate
layer of the ResNet model, and getZ . For the front-door classi�erP(Y jX 0; Z ), we �rst encode theX 0 input with 5
convolution layers, then we �atten the feature and concatenate it with theZ produced by the backbone. We show the
architecture in Table 2. We �x this branch without updating so that the features are produced by randomly initialized
convolution. We �rst warm-up for 3 epochs without updating the Resnet-18 backbone and train the model for a total of
100 epochs. We optimize the model with Adam [2] with learning rate5e � 5. We train the model with batch size 32.
For VLCS, we train the model a total of 50 epochs and keep everything else the same. We select the best model with
256 validation examples on the target domain, and report the test accuracy on all the examples on the target domain.
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Layer kernel size stride channel in channel out

Conv1 5 2 3 32
Conv2 3 2 3 64
Conv3 3 2 3 128
Conv4 3 2 3 256
Conv5 3 2 3 512

Table 2: Architecture for convolution branch.

3.4 ImageNet-9

ImageNet-9 studies how much the model relies on the background and foreground to make predictions. It contains 8
variants from the ImageNet dataset with different foreground and background setup. In Table 3 in our paper, `MixNext'
denotes use the background from the next category for the query image. `MixRand' denotes use the background from
a random category for the query image. `FG' denotes image with only the foreground object. `Mixsame' denotes
use the background from a random image that has the same category as the query image. `NoFG' means removing
the foreground object from the image. `only BG B' and `only BG T' denotes two variants of using only background.
An ideal model should have low accuracy when there is no background and high accuracy when there is foreground.
It addition, it has an adversarial background evaluation setup, where the adversarial images exhaust all possible
background and mark it as a right prediction if all the predictions are right. It is a more challenging setup for accessing
how much the model relies on the causal foreground signals.

Our front-door model uses the CNN architecture in Table 1 to calculateP(Y jX; Z ). We train 10 epoch with Adam,
and an learning rate of 0.001. We add Gaussian noise with variance 0.01 to the latent representationZ . We useN i = 10
andN j = 256.

3.5 ImageNet-Rendition

ImageNet-Rendition contains renditions of 200 ImageNet classes with a total of 30,000 images. It includes art, cartoons,
deviantart, graf�ti, embroidery, graphics, origami, paintings, patterns, plastic objects, plush objects, sculptures, sketches,
tattoos, toys, and video game renditions of ImageNet classes. We train the modle in the same way as the ImageNet-9
dataset on ImageNet, and test on ImageNet-Rendition directly.

3.6 ImageNet-Sketch

ImageNet-Sketch data set consists of 50000 images, 50 images for each of the 1000 ImageNet classes. We train the
modle in the same way as the ImageNet-9 dataset on ImageNet, and test on ImageNet-Rendition directly.

3.7 Robustness Under Invisible Perturbations

We create two domains for the CIFAR-10 training set by adding a constant vector to the image. The additive vector is
tiny to be invisible to humans. It is �xed once it is generated randomly. For each domain, we add an individual vector to
each category's images. Thus the additive vector is a spurious feature that correlates with the category but does not
cause the category. We remove the additive spurious feature on the test set.

We use Pre-activate ResNet 18 as our backbone, we make the VAE latent space to be the feature after the �rst block
of the ResNet18. We use 3 convolution layers as the decoder layer.

In Table 3, we show classi�cation accuracy on in domain and out of domain performance. As we can see, the
front-door method achieves consistent high accuracy on both in domain confounded test set and out-of-domain causal
test set.

4 Visualization
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Confounded Causal
Test Accuracy Test Accuracy

Chance 10% 10%
ERM 99.99% 10.87%
Front-door (Ours) 85.29% 85.23%

Table 3: We show 10-way classi�cation accuracy on the spurious CIFAR-10 dataset. Additive vector is a spurious
correlation we created for the training domain. The spurious correlation no longer holds during the causal test. While
ERM is almost random guessing, our approach makes predictions using causal features and achieves high performance.

Figure 5: We visualize the input regions that the models use for prediction for the Waterbirds and Imagenet-9 datasets.
We use GradCAM [7] and highlight the the discriminative regions that the model relies on with red. The white text
shows the model's prediction. The correlation based ERM method often attends to spurious background context. By
marginalizing over the spurious features (visualized in the Spurious column), our front-door model captures the correct,
causal features, which predicts the correct object for the right reason.
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