Continuously Indexed Domain Adaptation

Hao Wang*! Hao He”' Dina Katabi !

Abstract

Existing domain adaptation focuses on transferring
knowledge between domains with categorical indices
(e.g., between datasets A and B). However, many tasks
involve continuously indexed domains. For example,
in medical applications, one often needs to transfer
disease analysis and prediction across patients of dif-
ferent ages, where age acts as a continuous domain
index. Such tasks are challenging for prior domain
adaptation methods since they ignore the underlying
relation among domains. In this paper, we propose the
first method for continuously indexed domain adapta-
tion. Our approach combines traditional adversarial
adaptation with a novel discriminator that models the
encoding-conditioned domain index distribution. Our
theoretical analysis demonstrates the value of lever-
aging the domain index to generate invariant features
across a continuous range of domains. Our empirical
results show that our approach outperforms the state-
of-the-art domain adaption methods on both synthetic
and real-world medical datasets'.

1. Introduction

Machine learning often assumes that training and test data
come from the same distribution, so that the trained model
generalizes well to the test scenario. This assumption breaks
however when the model is trained and tested in distinct
domains, i.e., different source and target domains. Domain
adaption (DA) leverages labeled data from the source do-
mains and unlabeled data (or a limited amount of labeled
data) from the target domains to significantly improve per-
formance (Ben-David et al., 2010; Ganin et al., 2016; Tzeng
et al., 2017; Zhang et al., 2019).

Existing DA methods however focus on adaption among
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categorical domains where the domain index is just a label.
A common example would be to adapt a model from one
image dataset to another, e.g., adapting from MNIST to
SVHN. However, many real-world tasks require adaptation
among continuously index domains. For example, in medi-
cal applications, one needs to adapt disease diagnosis and
prognosis across patients of different ages, where age is a
continuous domain index. Treating the age of the source and
target domains as domain labels is unlikely to yield the best
results because it does not take advantage of the relation-
ship between the disease manifestation and the person’s age.
Similar issues appear in robotics. For example, underwater
robots have to operate at different water depths and viscosity,
and one expects that adaptation across datasets from differ-
ent depths or viscosity (e.g., lake vs. sea) should take into
account the relationship between the robot operation and the
physical properties of the liquid in which it operates. These
examples highlight the limitations of current DA methods
when applied to continuously indexed domains.

So, how should we perform domain adaption across con-
tinuously indexed domains? We note that in the above
examples the domain index plays the role of a distance
metric — i.e., it captures a similarity distance between the
domains with respect to the task. Thus, one approach for
addressing the problem is to modify traditional adversarial
adaptation to make the discriminator regress the domain
index using a distance-based loss, like the Ly or Ly loss.
Although this is better than categorical DA, we show ana-
Iytically that such treatment can lead to equilibriums with
relatively poor domain alignments. A better solution is to
develop a probabilistic discriminator that models the domain
index distribution. We show that such a discriminator not
only successfully captures the underlying relation among
domains, but also enjoys better theoretical guarantees in
terms of domain alignment. We also note that our method
can be naturally generalized to handle multi-dimensional
domain indices, achieving further performance gain. For
example, in medial applications the index can be a vector of
age, blood pressure, activity level, etc.

Our contributions are as follows:

e We identify the problem of adaptation across continu-
ously indexed domains and propose continuously indexed
domain adaptation (CIDA) as the first general DA method
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for addressing this problem. Further, we analyze our
method and provide theoretical guarantees that CIDA
aligns continuously indexed domains at equilibrium.

e We derive two advanced versions, probabilistic CIDA and
multi-dimensional CIDA, to further improve performance
and handle multi-dimensional domain indices, with mini-
mal overhead.

e We provide empirical results using both synthetic and
real-world medical datasets which show that CIDA and
its probabilistic and multi-dimensional variants signifi-
cantly improve performance over the state-of-the-art DA
methods for continuously indexed domains.

2. Related Work

Adversarial Domain Adaptation. Much prior work has
focused on the problem of domain adaptation (Zhao et al.,
2017; Long et al., 2018; Saito et al., 2018; Sankaranarayanan
et al., 2018; Zhang et al., 2019). The key idea is to match
the distributions of the source and target domains. This is
achieved by matching their distributions’ statistics either
directly (Pan et al., 2010; Tzeng et al., 2014; Sun & Saenko,
2016) or with the help of an adversarial loss (Ganin et al.,
2016; Zhao et al., 2017; Tzeng et al., 2017; Zhang et al.,
2019; Kuroki et al., 2019). Adversarial domain adaptation
is particularly popular due to its relatively strong theoretical
insights (Goodfellow et al., 2014; Zhao et al., 2018; Zhang
et al., 2019; Zhao et al., 2019) and its compatibility with
neural networks. It aligns the distributions of the source and
target domains by generating an encoding indistinguishable
from a perspective of discriminator that is trained to classify
the domain of the data. In this paper, we build on adversarial
domain adaptation and extend it to address continuously
indexed domains.

Incremental Domain Adaptation. Closest to our work
are incremental DA approaches. Essentially they assume
the domain shifts smoothly over time and try to incremen-
tally adapt the source domain to multiple target domains.
Different methods are used to perform categorical DA for
each domain pair, such as optimal transport (Jimenez et al.,
2019), adversarial loss (Bitarafan et al., 2016), generative
adversarial networks (Wulfmeier et al., 2018), and linear
transform (Hoffman et al., 2014). Bobu et al. (2018) notices
such incremental adaptation procedure is prone to catas-
trophic forgetting, a tendency to forget the knowledge of
previous domains while specializing to a new domain, and
therefore proposes a replay technique to tackle the issue.
Here we note several key differences between CIDA and
the methods above. (1) These approaches incrementally
perform pair-wise categorical DA. Hence failure in adapt-
ing one domain pair can lead to catastrophic failures for all
following pairs. (2) They only work on DA tasks with one

single domain shifting dimension (usually ‘time’), while our
method naturally generalizes to multi-dimensional settings.
Such differences are empirically verified in Sec. 5.

3. Methods

In this section, we formalize the problem of adaptation
among continuously indexed domains, and describe our
methods for addressing the problem. We then provide theo-
retical guarantees for the proposed methods in Sec. 4.

Problem. We consider the unsupervised domain adapta-
tion setting and assume a set of continuous domain indices
U = Us U Ut, where Us and Uy are the domain index sets
for the source and the target domains, and I/ is part of a
metric space (i.e., a metric like the Euclidian distance is
defined over the set). The input and labels are denoted
as X and y, respectively. With access to the labeled data
{0C5, yf, u7)}iL, from source domains (uj € Us) and unla-
beled data {(x}, ut)}" , from target domains (u! € Uy), the
goal is to accurately predict the labels {(yf)}"; for data in
the target domains.

Multi-Dimensional Domain Indices. For clarity, we intro-
duce our methods and theory in the context of unidimen-
sional domain indices. However, they can directly apply
to multi-dimensional domain indices. Later in Sec. 5, we
show that the ability of handling multi-dimensional domain
indices brings further performance gains.

3.1. Continuously Indexed Domain Adaptation (CIDA)

To perform adaptation across a continuous range of domains,
we leverage the idea of learning domain-invariant encodings
with adversarial training. We propose to learn an encoder? E
and a predictor I’ such that the distribution of the encodings
z = E(X) € Z (or z = E(X,w)) from all domains U are
aligned so that all labels can be accurately predicted by the
shared predictor F'. Formally, domain-invariant encodings
require that p(z|u1) = p(z|uz), Vui, us € U. Tt implies
that z and u are independent (u L 2), i.e., p(u|z) = p(u)
or equivalently p(z|u) = p(z). This is achieved with the
help of a discriminator D. In continuously indexed domains
however, small changes in u should lead to small changes in
the encoding. Thus, instead of classifying the encoding into
categorical domains, the discriminator D in CIDA regresses
the domain index.

Formally, CIDA performs a minimax optimization with the
value function V (F, F, D) as:

min max Vo(E, F) — AaVa(D, E), (1)

*In general the encoder E(X, u) can be probabilistic. For ex-
ample, z can be generated from a Gaussian distribution whose
mean and variance are given by E(X, w).
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where we have

Vo(E, F) , E[Lp(F(E(X, 1)), y)]
Va(D, E) 5 E[La(D(E(X, u)), u)]

where E and E® denote the expectations taken over the
entire data distribution p(X, y, ©) and the source data distri-
bution p3(X, y, u). Note that the label y is only accessible
in the source domains. Ly is the prediction loss (e.g., cross-
entropy loss for classification tasks), and Lg is the domain
index loss. Ag is a hyperparameter balancing both losses.
The main difference between CIDA and traditional adver-
sarial domain adaptation is that the discriminator loss Lq is
a monotonic function of the metric defined over U/.

3.2. Variants of CIDA

Note that there can be various designs for both D and Lg.
For example, D can either directly predict the domain index
or predict its mean and variance, and Lg can be either the Lo
or L loss. Different designs come with different theoretical
guarantees.

Vanilla CIDA. In the vanilla CIDA, D directly predicts
the domain index, and correspondingly L is the Lo loss
between the predicted and ground-truth domain index,

Ly(D(2),u) = (D(2) — u)?, )

Vanilla CIDA above only guarantees matching the mean of
the distribution p(u|z) (see theoretical results in Sec. 4).

Therefore in the following, we introduce an advanced ver-
sion, dubbed probabilistic CIDA (PCIDA), which enjoys
better theoretical guarantees to match both the mean and
variance of the distribution p(u|z). We note that PCIDA can
be extended to match higher-order moments.

Probabilistic CIDA. The major improvement from CIDA
to PCIDA is that in PCIDA, the discriminator predicts the
distribution of p(u|z) instead of providing point estimation.
We start with the simplest probabilistic model, Gaussian dis-
tributions, where the discriminator D outputs the mean and
variance of p(u|z) as D (z) and D 2(z), respectively. To
train such a discriminator, we use the negative log-likelihood
as the loss function:

D (2) - w?

La(D@).w) = 517 s

+2l0gD 2@), @)

where D(z) = (D (2), D 2(2)).

Extension to Gaussian Mixture Models. PCIDA can be
naturally extended from a single Gaussian to a Gaussian
mixture model (GMM) by using a mixture density network
as the discriminator D (Bishop, 1994) and the corresponding
negative log-likelihood as Lq(:, -).

4. Theoretical Results

In this section, we provide theoretical guarantees for CIDA
and PCIDA. As standard in adversarial domain adaption,
we analyze a game in which the encoder aims to fool the
discriminator and prevent it from inferring the domain index.
We first analyze a simplified game between the encoder and
the discriminator (without the predictor) to gain insight of
the aligned encodings. We then discuss the full three-player
game and show our framework preserves the prediction
power while aligning the encodings.

4.1. Analysis for the Simplified Game
We consider a simplified game which does not involve the

predictor F', defined by the V4(F, D) term in Eqn. 1:

mgx mDin Va(F, D) = E[Lq(D(E(X,w)),w)]. (&)

We first analyze the equilibrium of the simplified game for
CIDA. Recall that, in CIDA, the discriminator D predicts
the domain index u given the encoding z and the domain
index loss Lg is the Lo loss. We show that in the equilibrium
of CIDA, the encoder will align the mean of the conditional
domain distribution p(u|z) to the mean of the marginal
domain distribution p(u).

Lemma 4.1 below analyzes the discriminator D with the
encoder E fixed and states that the optimal discriminator D
outputs the mean domain index of all data with the same
encoding z.

Lemma 4.1 (Optimal Discriminator for CIDA). For E
fixed, the optimal D is

De(E(x,u)) = E, p(ujz)[U]a

where Z = E(X, u).

Proof. With E fixed, the optimal D
De = arg[';nin E(x;u) p(x;u)[Ld(D(E(Xv u)), u)]
= argénin E(z;u) p(Z;u)[HD(Z) - u”%]

= argg]in E, p(z)Eu p(ujz)[HD(Z) - u”%]

Notice that

Eu p(ujz) [(D(2) - U)Q]
=E, p(ujz)[u2] —2D(2)Ey p(ujz)[u] + D(Z)2»

is a quadratic form of D(z) which achieves the minimum at
D(z) = Ey p(ujz)[u]~ O
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Assuming thaD always achieves its optimum w.Et dur-
ing the training, the minimax game in Egn. 4 can be refor
mulated as maximizin@4(E) where

Cy(E) . minVa(EiD)= Va(E:De)

2

u)?

= E(x;u) p(x;u)(Eu p(ujz)[u] u)

=k p(z)Eu p(ujz)(Eu p(ujz)[u]
E, p(z)Vu p(ujz)[u]= E,V[ujz];

whereV denotes variance.

Next we analyze the virtual training criteri@y (E) for the
encoder and derive the global optimum.

Lemma 4.2 (Unigueness of Constant Expectatiopn If
there exists a constant, such thatg, ,j,)[u] = ¢ for
anyz, we have ¢ = E; pu)[ul.

Theorem 4.1(Global Optimum for CIDA ). The global
maximum ofC4(E) is achieved if and only if the encoder
satis es that the expectations of the domain indever the
conditional distributionp(ujz) for any givere are identical
to the expectation over the marginal distributipfu), i.e.,
E[ujz] = E[u]; 8z.

Proof. We rst show Cq(E)  V[u] and then show the
equality is achieved wheB[ujz] = E[u]; 8z.

Ca(E) V[u]= E;V[ujz] V[u]
= E[E[’jz] E[ujz]’] (El®] EQJ)
= EuP E[E[ujz]’]:
By the convexity ofx? and Jensen's inequality, we have

E[u]? = (E,[E[ujz])® E,[E[ujz]?] and the equality is
achieved whetk[ujz] is constant w.r.tz. By Lemma 4.2
we haveE[ujz] = E[u]; 8z. O

As Theorem 4.1 states, the vanilla CIDA using theloss
guarantees that the mean of the distribudnjz) matches
the mean of the marginal distributigafu). It means that
there is a risk the encodé&r only aligns the mean of the dis-
tributions without exactly matching the entire distributions.
However, surprisingly, we nd that CIDA often achieves

Lemma 4.3 (Optimal Discriminator for PCIDA ). With
E xed, the optimal D is

D ‘E (2)= Ey p(ujz)[u];
D 26 (2) = Vu piznul;
wherez = E(x;u),andD =(D ;D :2).

Proof of Lemma 4.3 is similar to that of Lemma 4.1 (see the
Supplement for details).

Assuming discriminatob always reaches optimum, the
virtual training criterionCq4(E) for the encoder becomes:

Cy4(E) = mIiDn V4(E;D) = V4(E;Dg)

(Elujz] u)?

+ % log(V[ujz]) :
Now we analyzeC4(E) and provide PCIDA's global opti-
mum.

Lemma 4.4 (Uniqueness of Constant Expectation and
Variance). If there exist constants; and 2 such that

Eu pujnlul = candVy pujnlul = 2 foranyz, we
have ;= E, p(u) and g: Vy p(u)[u]-

Theorem 4.2(Global Optimum for PCIDA ). In PCIDA
(with the Gaussian model), the global optimum is achieved
if and only if the mean and variance of the distribution
p(ujz) given anyz are identical to those of the marginal
distributionp(u).

Proof. Given that
(Elujz] u)?
Ci(E)= Ezy ——7——
izl
Ci

+Evy 2 log(Viuiz)) ;
|

| {z }
C2

we analyze the upper bounds of the two terms separately.
For the rstterm,

B ~ (Elujz] uw)? _ Eujz(Elujz]  u)?
C1= EBui Vujz] E. 2V[ujz]
_ V([ujz] 1_1
? 2V[ujz] 27 2

good empirical performance (see Sec. 5 for more detailskor the second term, by the concavitylag(x) and Jensen's

Next, we analyze PCIDA and show that PCIDA enjoys betinequality, we have th&C,

log(E;[V]ujz]]) the equality

ter theoretical guarantees and matches both the mean ahdlds whenV[ujz] is constant w.r.t.z. Further, in the

variance of the distributiop(ujz).

Recall that in PCIDA, the discriminat® outputs the mean
and variance op(ujz) asD (z) andD :(z). We use the
negative log-likelihood (Egn. 3) as the domain lags We

start from analyzing the discriminat®r when the encoder

proof of Theorem 4.1, we show th&t[V[ujz]] V[u]
and the maximum is achieved whEfujz] is constant w.r.t.
z. Together with Lemma 4.4, we then have tiGat(E)
reaches the global optim@i5 + 0:5log(V[u]) if and only
if E[ujz] = E[u] andV[ujz] = V[u] for all z. O

E is xed. Lemma 4.3 states that the optimal discriminator Corollary 4.1. For both CIDA and PCIDA, the global op-
D, given the encoding, will output the mean and variance timum ofCq4(E) is achieved if the encoding of all domains
of the domain index distributiop(ujz) . (continuously indexed hy) are totally aligned, i.e.Z?? u.
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Remark 4.1 (Matching Higher-Order Moments). By  prove that any global encodEr satis es both Eqn. 6a and
Theorem 4.1 and Theorem 4.2, we show that CIDA using th&gn. 6b.
L, loss mgtches the meanpmfujz) while the PCIDA V\(lth Vye show that C(E) can achieve H (yjx:u)
the Gaussian model matches both the mean and variance 0 o .
. ) .~ “amaxgoCq(E9 by considering the following en-
p(ujz). Can we match higher-order moments? We believe i o L .
. . coderEg: Eo(x;u) = Py(jx;u). It can be examined
our methodology can generalize to match higher-order mo; . U Y ) .
X . . thatH (yjEo(x; u)) = H(yjx;u) andEq(x; u)?? u which
ments by using PCIDA with more complex parametric prob—I ads toC(E) = max go C(E9) using Corollary 4.1. [
abilistic models. For example, one can use skew-normal 0/ = E 9 y st
distributions (Azzalini, 2013) to match the third moment

(skewness). . .
Theorem 4.3 shows that, at the equilibrium, the optimal en-

coder preserves all the information about lapebntained
in the datax and the domain index while aligning the
We analyze the equilibrium state of the three-player gamencoding cross domains.

of E;F andD as de ned in Egn. 1. We divide the situation
into two cases based on whether the domain ingdéx
independent of the labgl

4.2. Analysis of the Three-player Game

Note that in general the encodegris a probabilistic encoder

that generates stochastically. For example, one can use a

probabilistic encoder parameterized by a natural-parameter

4.2.1.02y network (Wang et al., 2016) and generatasing the repa-
rameterization trick (Kingma & Welling, 2013). Empiri-

The domain indexi is independent of the labglwhen it cally, we nd that directly using a deterministic encoder

captures nuisance variations that are irrelevant to the task eflso works favorably and therefore keep the encoder deter-

predicting the labey. In this case, we prove the following ministic in Sec. 5 for simplicity.

theorem showing that the optimal encoding captures all the

information in the inpuk that is relevant to the predictive 4.2.2.u 6?y

tasks while aligning the d in index distributions.
asks while aligning the domain index cistribtions The domain indexu is dependent of the labgl when it

Lemma 4.5(Optimal Predictor). Given the encodeE,  contains information relevant to predictiggn this case,
the prediction lossVp(F;E) ,  Lp(F(E(x;u));y) discretization of the inherently continuous domain index
H(yJE(x;u)) where H() is the entropy. The opti- y js necessary to perform categorical domain adaptation.
mal predictorF  that minimizes the prediction loss is However, this discretization inevitably loses information in
F(E(x;u)) = Py(JE(X;u)). u and could hurt the predictive task singe? y. In con-
trast, our methods CIDA/PCIDA performs domain adaption

Assuming the predictoF and the discriminatoD are i the continuous domain index thus, can fully retain
trained to achieve their optimal losses, by Lemma 4.5, the, ¢\~ 0 0 inu that is relevant to the labgl

three-player game (Egn. 1) can be rewritten as following
training procedure of the encodgr,

5. Experiments

minC(E), H(YJE(x;u))  4Ca(E): ®) , ,

E We evaluate CIDA and its variants on two toy datasets, one
image datasefRotating MNIST, and three real-world med-

ical datasets. These empirical studies verify our theoretical

ndings in Sec. 3 and show that:

Theorem 4.3. If the encodelE, the predictorF and the
discriminatorD have enough capacity and are trained to
reach optimum, any global optimal encoder has the
following properties:

) _ o Using categorical domain adaption to align continuously
H(YIE (x;u) = H(yix;u) (62) indexed domains leads to poor alignment with marginal

Cq4(E ) = max C4(E9 (6b) (or no) performance gain compared to no adaptation.

EO . . . . . .

CIDA aligns domains with continuous indices and
achieves signi cant performance boost compared to cate-
gorical domain adaption methods.
PCIDASs ability to predict a distribution rather than a

Proof. SinceE (x;u) is a function ofx; u, by the data pro-
cessing inequality, we have (yjE (x;u))  H(yjx;u).

HenceC(E) = H(yJE(x;u)) 4C4(E) H(yjx;u) single value is helpful in avoiding bad equilibriums and
damaxgoC4(E9. The equality holds if and only if improving prediction performance.
H (yjx;u) = H(YjE(x;u)) andCq(E) = max go C4(E9. The performance gains of CIDA and PCIDA increase

Therefore, we only need to prove that the optimal value of with multi-dimensional domain indices.
C(E)isequal toH (yjx;u) g maxgoCq(E9 in order to
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(a) Domains (b) Ground Truth (c) DANN (d) CDANN

(e) ADDA (f) MDD (g) CUA (h) CIDA (Ours)
Figure 1.Results on th€ircle dataset wittBO domains. Fig. 1(a) shows domain index by color. The Gstomains are source domains,
marked by green boxes. Red dots and blue crosses are positive and negative data samples. Black lines show the decision boundaries
generated according to model predictions.

(a) Domains (b) Ground Truth (c) DANN (d) CDANN

(e) ADDA (f) MDD (g) CUA (h) CIDA (Ours)
Figure 2.Results on th&inedataset withL2 domains. The rst5 domains are source domains marked by green boxes. Red dots and blue
crosses are positive and negative data samples. Black lines show the decision boundaries generated according to model predictions.

5.1. Baselines and Implementations each target domain one-by-one from the closest target to the

W iants of CIDA with state-of-the-art d ._farthest one. For a fair comparison with CIDA, all baselines
€ compare variants o with state-ol-the-art domam, ,co otk and the domain index as inputs to the encoder.

adaptation methods including Domain Adversarial Neu-
ral Network OANN) (Ganin et al., 2016), Conditional All methods are implemented using PyTorch (Paszke et al.,
Domain Adversarial Neural NetworkCOANN) (Zhao  2019) with the same neural network architecturgis cho-

etal., 2017), Adversarial Discriminative Domain Adaptation sen fromf 0:2; 0:5; 1.0; 2:0; 5:0g and kept the same for all
(ADDA) (Tzeng et al., 2017), Margin Disparity Discrepancy tasks associated with the same dataset (see the Supplement
(MDD) (Zhang et al., 2019), and Continuous Unsupervisedor more details about training).

Adaptation CUA) (Bobu et al., 2018). ADDA and MDD

merge data with different domain indices into one sources.2. Toy Datasets

and one target domains; DANN, CDANN, and CUA divide L )

the continuous domain spectrum into several separate dg° gan insight into the differences between CIDA. and the
mains and perform adaptation between multiple source angaselines, we start with two toy datasefsrcle andSine

target domains. CUA adapts from the source domains tTircle Datasetincludes30 domains indexed frort to 30.



